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In this paper we introduce an exactly solvable Kondo lattice model without any fine-tuning local
gauge symmetry. This model describes itinerant electrons interplaying with a localized magnetic
moment via only longitudinal Kondo exchange. Its solvability results from conservation of the lo-
calized moment at each site, and is valid for arbitrary lattice geometry and electron filling. A case
study on square lattice shows that the ground state is a Néel antiferromagnetic insulator at half-
filling. At finite temperature, paramagnetic phases including a Mott insulator and correlated metal
are found. The former is a melting antiferromagnetic insulator with a strong short-range magnetic
fluctuation, while the latter corresponds to a Fermi liquid-like metal. Monte Carlo simulation and
theoretical analysis demonstrate that the transition from paramagnetic phases into the antiferro-
magnetic insulator is a continuous 2D Ising transition. Away from half-filling, patterns of spin
stripes (inhomogeneous magnetic order) at weak coupling, and phase separation at strong coupling
are predicted. With established Ising antiferromagnetism and spin stripe orders, our model may be
relevant to a heavy fermion compound CeCo(In1−xHgx)5 and novel quantum liquid-crystal order in
a hidden order compound URu2Si2.
I. INTRODUCTION
Exactly solvable quantum many-body models play a
fundamental role in understanding exotic quantum states
in condensed matter physics1. In spatial dimension d >
1, Kitaev’s toric-code, honeycomb model and certain Z2
lattice gauge field models are prototypical examples2–5,
which shows novel quantum orders like Majorana quan-
tum spin liquid, orthogonal metal, fractionalized Chern
insulator, fracton order, Majorana superconductor and
many-body localized state3,6–12. Their solvability is due
to the existence of an infinite number of conserved quanti-
ties (for infinite lattice), resulting from intrinsic or emer-
gent local Z2 gauge symmetry. However, because of the
designed local gauge symmetry, these models are far from
the standard ones in condensed matter physics like Hub-
bard and Kondo lattice models13,14. Thus, it is highly
desirable to find solvable models without any fine-tuning
local gauge structure.
In this paper, we introduce an exactly solvable model
without any local gauge structure. It is a Kondo lat-
tice model in its anisotropic limit, (also called the Ising-
Kondo lattice model) which describes an itinerant elec-
tron interplaying with a localized f -electron moment via
only longitudinal Kondo exchange15.
Hˆ=
∑
i,j,σ
tij cˆ
†
iσ cˆjσ +
J
2
∑
jσ
Sˆzj σcˆ
†
jσ cˆjσ (1)
cˆjσ is the creation operator of conduction electron while
Sˆzj denotes localized moment of the f -electron at site
j. tij is hopping integral between i, j sites and J is the
longitudinal Kondo coupling, which is usually antiferro-
magnetic, i.e. J > 0. Chemical potential µ can be added
to fix conduction electron’s density.
In literature, this model (with x-axis anisotropy) is
proposed to account for the anomalously small staggered
magnetization and large specific heat jump at hidden or-
der transition in URu2Si2
15,16. (Due to lack of transverse
Kondo coupling, enhancement of effective mass and re-
lated Kondo screening are irrelevant.) It can explain the
easy-axis magnetic order and paramagnetic metal or bad
metal behaviors in the global phase diagram of heavy
fermion compounds17–20.
Importantly, in Eq. 1, we observe that f -electron’s
spin/localized moment at each site is conservative since
[Sˆzj , Hˆ] = 0. Therefore, taking the eigenstates of spin Sˆ
z
j
as bases, the Hamiltonian is automatically reduced to an
effective free fermion model
Hˆ(q) =
∑
i,j,σ
tij cˆ
†
iσ cˆjσ +
∑
jσ
Jσ
4
qj cˆ
†
jσ cˆjσ (2)
with q emphasizing its q dependence and Sˆzj |qj〉 =
qj
2
|qj〉, qj = ±1. Now, the many-body eigenstate of
the original model Eq. 1 can be constructed via the
single-particle state of effective Hamiltonian Eq. 2 un-
der given configuration of effective Ising spin {qj}. So,
Eq. 1 is exactly solvable and can be considered as an ef-
fective spinfull Falicov-Kimball (FK) model21. Because
the procedure of reduction to the free fermion model in-
volves only local conservation, the above model is solv-
able for arbitrary lattice geometry, spatial dimension and
electron filling, in contrast to isotropic Kondo lattice
model22, where notorious fermion minus-sign problem
prevents exact solution/simulation. Moreover, including
the external magnetic field along z-axis and Ising term∑
ij JijSˆ
z
i Sˆ
z
j does not change the solvability.
To illustrate this, we consider the model (1) on the
square lattice with nearest-neighbor-hopping −t. (See
also Fig. 1(a)) In terms of analytical arguments and nu-
merically exact lattice Monte Carlo (LMC) simulation23,
we have determined its ground state and its finite tem-
perature phase diagram at half-filling in Fig. 1(b). There
2FIG. 1. (a) The Kondo lattice model in an anisotropic limit
[Eq. 1] and (b) its finite temperature phase diagram on a
square lattice from LMC. There exist an antiferromagnetic
insulator (AI), a Mott insulator (MI) and a correlated metal
(CM). The low-T regime of the phase diagram is dominated
by AI. At high-T , CM in weak coupling is a gapless metal-
lic state while MI in strong coupling exhibits a single-particle
excitation gap. The transition from AI to CM or MI is a con-
tinuous Ising transition. There only exists a smooth crossover
between CM and MI with the opening of a gap at Fermi en-
ergy.
exist an antiferromagnetic insulator (AI), a Mott insu-
lator (MI) and a correlated metal (CM). Both AI and
MI have gapful single-particle excitations but CM are
gapless metallic states. The transition from AI to CM
or MI is a continuous Ising transition, and a smooth
crossover appears between CM and MI with the open-
ing of a gap at Fermi energy. The nature of these phases
and transitions will be explored in the main text. For
other bipartite lattice like honeycomb lattice, its phase
diagram is similar to Fig. 1(b) with the Dirac semimetal
replacing CM. When doping away from half-filling, we
have established that various patterns of spin stripes oc-
cur at weak coupling and phase separation ultimately
dominates at strong coupling. Since Ising antiferromag-
netic order has been established in the heavy fermion
compound CeCo(In1−xHgx)5
24, our model could serve
as a minimal model for this compound. Moreover, the
spin stripe found here may be relevant to the electronic
liquid crystal phenomena in a hidden order compound
URu2Si2
25. Finally, our model provides a benchmark for
sophisticated numerical techniques like dynamic mean-
field theory (DMFT)26 and variational cluster approxi-
mation (VCA)27.
II. GROUND STATE
At zero temperature, when our system is half-filled
(µ = 0) and on a bipartite lattice (here a square lat-
tice), the ground-state configuration of qj has the two-
fold degenerated checkerboard order qj = ±(−1)j(also
confirmed by our LMC simulation), according to the the-
orem proved by Kennedy and Lieb28. (For the generic
lattice geometry, the ground-state configuration has to
be searched by numerical techniques.) This can be seen
as the Ising antiferromagnetic long-ranged order for a lo-
calized f -electron moment. For conduction electrons, the
single-particle Hamiltonian in the ground state is thus
Hˆ= −t
∑
〈i,j〉,σ
cˆ†iσ cˆjσ +
∑
jσ
(−1)j Jσ
4
cˆ†jσ cˆjσ
=
∑
kσ
(
cˆ†kσ cˆ
†
k+Q,σ
)(
εk
Jσ
4
Jσ
4
εk+Q
)(
cˆkσ
cˆk+Q,σ
)
which is just the familiar antiferromagnetic spin-density-
wave (SDW) mean-field Hamiltonian with characteris-
tic wave vector ~Q = (π, π) in Hubbard-like models29.
But, we have to emphasize that this one is the exact
ground state fermion Hamiltonian for J > 0. Its quasi-
particle dispersion is found to be Ekσ = ±
√
ε2k +
J2
16
,
which splits the single free conduction electron band into
two Hubbard-like bands with direct band gap ∆ = J
2
.
[εk = −2t(cos kx + cos ky) is a free conduction electron
dispersion.] We conclude that the ground state of a half-
filled model on the square lattice is an insulating antifer-
romagnetic state with Néel-like spin order.
III. FINITE-T PHASE DIAGRAM
At finite temperature, one has to sum over all con-
figurations of the effective Ising spin {qj}, which can
only be performed via Monte Carlo simulation. (See
the Supplementary Materials (SM) for details30.) We
consider periodic Ns = L × L lattices with L up to
16. The resulting phase diagram is shown in Fig. 1(b).
Here, AI is stable at low-T since discrete Ising sym-
metry is able to break spontaneously into two dimen-
sions 2D at finite T , and has a thermodynamic tran-
sition into CM in weak coupling or MI in strong cou-
pling. The existence of AI is inferred by its checker-
board order parameter φc =
1
Ns
∑
j(−1)j〈qj〉 and SDW
structure factor CSDW =
1
N2s
∑
j,k(−1)j+k4〈sˆzj sˆzk〉. (sˆzj =
1
2
(cˆ†j↑cˆj↑ − cˆ†j↓cˆj↓)) In Fig. 2, both φc and CSDW satu-
rate at low-T , which suggests the existence of AI. At
high-T , CSDW approaches zero and signals a transition
to paramagnetic phases. This agrees with the diver-
gence of specific heat Cv =
〈Hˆ2〉−〈Hˆ〉2
NsT 2
and susceptibility
χq =
〈S2q 〉−〈Sq〉
2
T (Sq =
1
N2s
∑
j,k(−1)j+kqiqj) at critical
temperature Tc. We note that the maximal Tc appears
when Kondo coupling is comparable to the band-width of
conduction electrons. (J/t ∼ 8) The qualitative physics
in AI can be understood by SDW mean-field theory, but
such mean-field approximation underestimates thermal
fluctuation and leads to unrealistic Tc
30.
A. Mott insulator and correlated metal
In the high-T paramagnetic regime, based on the be-
havior of density of state (DOS) N(ω) for conduction
electrons, magnetization under external magnetic field
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FIG. 2. (a) The checkerboard order parameter φc, (b) SDW
structure factor CSDW, (c) specific heat Cv and (d) suscepti-
bility χq versus temperature T for different Kondo coupling
J . Both φc and CSDW saturate at low-T , suggesting existence
of AI. The vanishing of CSDW at high-T signals a transition
to paramagnetic phases at critical temperature Tc. Cv and
χq also diverge at Tc ≃ 0.11t, 0.29t, 0.25t for J/t = 2, 8, 14,
respectively.
-10 -5 0 5 10
0.0
0.1
0.2
0.3
0.4
-10 -5 0 5 10
0.0
0.2
0.4
0.6
-10 -5 0 5 10
0.0
0.5
1.0
1.5
2.0
FIG. 3. The density of state for conduction electrons N(ω)
in (a) CM (J/t = 8, T/t = 0.4), (b) MI (J/t = 14, T/t = 0.4)
and (c) AI (J/t = 14, T/t = 0.1).
and conduction electrons’ distribution function nc(k),
there exist MI and CM. (Fig. 3 and 4)
MI appears at strong coupling and is a melting
AI/SDW without long-ranged order but with (fluctu-
ated) short-ranged order. Such short-ranged order gives
rise to a single-particle gap observed in DOS (Fig. 3(b)).
Intuitively, conduction electrons mediate an antiferro-
magnetic Ising coupling ∼ J2
8t between localized mo-
ments. At strong coupling, only temperature itself pre-
vents the formation of long-ranged magnetic order, but
short-ranged order survives. Thus, in short-time regime,
conduction electrons feel the short-ranged order just as
a true long-ranged order, and an excitation gap appears
due to the effective molecular field applied to conduction
electrons. It is important to note that the short-ranged
order has classical Ising feature, thus it does not involve
the resonance-valence-bond physics. So, MI here is irrel-
evant to quantum spin liquids but more like the feature-
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FIG. 4. The magnetization of conduction electrons mc, local-
ized f -electron momentmf and the total one mz under exter-
nal magnetic field h for (a) CM (J/t = 8, T/t = 0.4), (b) MI
(J/t = 14, T/t = 0.4) and (c) AI (J/t = 14, T/t = 0.1). (d)
The conduction electrons’ distribution function nc(k) along
(0, 0) to (pi, pi) direction. (T/t=0.4)
less MI in Bose-Hubbard or FK models31–33. (We have
checked that MI has very weak T -dependence on DOS,
contrasting with radical reconstruction around coherent
temperature in the usual Kondo insulator34.)
The spectral/single-particle feature of MI can be qual-
itatively captured by Hubbard-I approximation13, where
two Hubbard-like bands are observed and its DOS is sim-
ilar to LMC’s results30. In Hubbard-I approximation, the
single-electron Green’s function is
Gσ(k, ω) =
1
ω − J2
4ω − εk
=
α2k
ω − E˜+k
+
1− α2k
ω − E˜−k
.
Here, the coherent factor α2k =
1
2
(1 + εk√
ε2
k
+J2
) and
the quasiparticle dispersion is E˜±k =
1
2
[
εk ±
√
εk + J2
]
.
Although no antiferromagnetic order exists in MI, the
strong local electron correlation (due to Kondo coupling)
splits the band and drives the system into correlated
MI. Since MI has a single-particle gap, its thermody-
namics and transport properties are insulating and show
exponential-T behavior. (Cv in MI is extrapolated to
vanishing at low-T , thus MI are not orthogonal metal-
like exotic metals6.)
At weak coupling, localized f -electron moment acts
like uncorrelated random potential for conduction elec-
trons, and the average over those disorder potentials
leads to correlation correction for the latter one, which
is CM. In contrast to gapped MI, CM has finite DOS
around zero energy (Fermi energy) without SDW or-
der.(Fig. 3(a)) Thus, above Tc, the gapless CM has linear-
T behavior in specific heat (Cv ∼ T ) and it shows Fermi
liquid-like behavior. (Fig. 2(c))
When the external magnetic field h is applied, in
Fig. 4, we show the magnetization curvature of conduc-
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FIG. 5. The energy density E and double occupation dc ver-
sus J at different temperature T .
tion electrons (mc =
∑
j〈cˆ†j↑cˆj↑ − cˆ†j↓cˆj↓〉), localized f -
electron moment (mf = 2
∑
j〈Szj 〉) and the total one
(mz = mc +mf ). Under large h, all states evolve into a
fully polarized state. At small h, CM shows characteristic
metallic linear-h behavior, [Fig. 4(a) Pauli-like suscepti-
bility] and both MI and AI have a spin gap. [Figs. 4(b)
and 4(c)] A strong first-order transition from AI to a
fully polarized state is observed, indicating the absence
of a field-induced magnetic quantum phase transition.
The quasiparticle behavior in CM and MI can also be
inspected in the conduction electrons’ distribution func-
tion nc(k) = 〈cˆ†kσ cˆkσ〉. [Fig. 4(d)] In CM, there is a
clear jump in nc(k) around (underlying) Fermi surface
[k = (π/2, π/2)] while only smooth evolution exists in
MI.
There is a smooth crossover between CM and MI as in-
specting the evolution of energy density E = 1Ns 〈Hˆ〉 and
double occupation dc =
1
Ns
∑
j〈c†j↑cj↑c†j↓cj↓〉 versus J ,
where E and dc have nearly linear dependence on J and
no singularity has been observed(Fig. 5). The transition
from MI and CM to AI is continuous as seen from order
parameter φc and CSDW around Tc [Fig. 2(a) and 2(b)].
The corresponding histogram for energy density E only
shows one peak structure around Tc (not shown here),
which excludes the strong first-order transition, however
the possibility of a very weak discontinuous transition
may be still possible. Assuming a continuous phase tran-
sition, the finite-size scaling analysis of checkerboard or-
der parameter φc in Fig. 6 suggests that critical behavior
of our model belongs to a 2D Ising universality class with
an order parameter critical exponent β = 1/8 and cor-
relation length critical exponent ν = 1. (The standard
scaling form φcL
β/ν = g[(T − Tc)L1/ν ] is used to extract
β and ν35.)
B. Effective field theory analysis
We have provided data from LMC simulation, which
explores the whole phase diagram and the magnetic tran-
sition. In this subsection, we use an effective field theory
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FIG. 6. The finite-size scaling behavior of checkerboard order
parameter φc for (a) weak coupling (J/t = 2), (b) intermedi-
ate coupling (J/t = 8), and (c) strong coupling (J/t = 14).
The crossing of the different system size L = 8, 10, 14 at Tc
and the collapse of data in (d) suggests the critical behavior
of our model belongs to a 2D Ising universality class.
analysis to understand these phases and related phase
transition.
In terms of path integral formalism, we have the fol-
lowing action:
S=
∫
dτ
∑
〈i,j〉,σ
c¯iσ(∂τ δij − t)cjσ
+
∫
dτ

J
2
∑
jσ
φjσc¯jσcjσ + iλj(φ
2
j − 1)


where c¯jσ , cjσ are the Grassmann field for conduction
electrons, φj denotes the localized moment, and λj is the
(dynamic) Lagrangian multiplier. Since above Tc, the
localized moment is disordered, it is reasonable to assume
iλj = m
2 with m being the mass of φj . This is equivalent
to the saddle point approximation for constraint φ2j =
1. Then, integrating over φj , the action only including
conduction electrons reads
S=
∫
dτ
∑
〈i,j〉,σ
c¯iσ(∂τ δij − t)cjσ
−
∫
dτ
J2
16m2
∑
jσσ′
σc¯jσcjσσ
′c¯jσ′cjσ′
In the return to Hamiltonian formalism, such action gives
rise to a symmetric Hubbard model with effective Hub-
bard interaction Ueff =
J2
8m2 . Therefore, it seems that
the high-T paramagnetic states could be related to solu-
tions of half-filled symmetric Hubbard model. However,
such relation is not strict due to the saddle point approxi-
mation. This explains why at finite-T there is first-order
transition between metallic states and MI in Hubbard-
like models while in our case, only a smooth crossover
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FIG. 7. The spin stripe orders of the local f -electron moment
(〈Sˆzj 〉) occur in weak coupling regime J/t = 2 for a different
chemical potential µ (T/t = 0.01). Here, the value of the
color bar denotes the strength of 〈Sˆzj 〉.
appears26. Moreover, when approaching Tc, the fluctu-
ation effect cannot be neglected, thus it is not reliable
to treat our system as an antiferromagnetic Heisenberg
model as if Ueff → ∞ for m2 → 0. Such feature is con-
sistent with different (spin) symmetry in our model (Z2)
and Heisenberg model (SU(2)).
Alternatively, if we integrate out conduction electrons
and set φj = (−1)jφj to emphasize the dominating anti-
ferromagnetic correlation, the resulting effective theory is
the celebrated Hertz-Millis-Moriya theory with φ being
antiferromagnetic Ising order parameter field36–38. Be-
cause of the nesting of the Fermi surface on square lat-
tice, antiferromagnetic quantum criticality is avoided and
only thermal critical behaviors preserve, (Landau damp-
ing due to particle-hole excitation of conduction electrons
is subleading and can be neglected away from quantum
critical regime) thus the effective theory is replaced by
the classic φ4 theory and it corresponds to 2D Ising uni-
versality class. This agrees with our LMC simulation.
IV. DOPING AWAY FROM HALF-FILLING
Doping the half-filled system leads to inhomogeneous
magnetic order or spin stripe order, as seen in Fig. 7.
Here, the ground state configuration of the localized f -
electron moment (〈Sˆzj 〉) versus chemical potential µ is
shown, and various patterns of spin stripes occur to min-
imize the free energy. Conduction electrons have sim-
ilar spin stripe structure but with opposite direction
and small amplitude. When Kondo coupling J is too
large compared with the the band-width of conduction
electrons, phase separation ultimately dominates30,39.
These findings are qualitatively consistent with spi-
ral/stripe magnetic phases in the isotropic Kondo lattice
model40,41.
V. CONCLUSION
In conclusion, we have provided a solvable lattice
fermion Hamiltonian, whose solvability is due to the
conserved localized moment at each lattice site. The
case study on the square lattice has established the exis-
tence of Ising antiferromagnetic order, spin stripe, Fermi
liquid-like metallic state and Mott insulator. Impor-
tantly, Ising antiferromagnetism and spin stripe orders
found here may be relevant to the uniaxial magnetic or-
der in CeCo(In1−xHgx)5 and the quantum liquid crys-
tal order in URu2Si2. If frustration is introduced
23, an
exotic metallic phase such as orthogonal metal can be
explored6,42. Topological states of matter like topological
SDW is also an interesting issue when spin-orbit coupling
is added43. These will be left for our future work.
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